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A formalism is developed which allows overlap, kinetic energy, potential energy, and
electron repulsion integrals over cartesian Gaussian functions to be expressed in a very
compact form involving easily computed auxiliary functions. Similar formulas involving
the same auxiliary functions are given for the common charge moments, electric-field
operators, and spin-interaction operators. Recursion relations are given for the auxiliary
functions which make possible the use of Gaussian functions of arbitrarily large angular
momentum. An algorithm is described for the computation of electron repulsion integrals.

1. INTRODUCTION

Cartesian Gaussian functions of the form x,"y,'z,™ exp(—a,r4%) were first
proposed as basis functions by Boys [1]. The obvious exploitable advantage of
Gaussian functions over Slater-type orbitals (STO’s) is the ease with which a product
of Gaussians on two different centers can be written as a simple function on a common
center [2]. In the 1960’s when calculations on diagomic systems were already common,
the intractability of the four-center integral over STO’s appeared to present a major
block to polyatomic calculations [3]. Gaussians began to enjoy increased popularity
when it was found that a fixed linear combination (a so-called “‘contracted Gaussian™)
could be used to approximate an atomic orbital to good accuracy. Initially the trend
was to use combinations of simple Gaussian “lobes” (n =/ = m = 0) [4]. The
resulting electron repulsion integral had been shown by Boys [1-3] to involve only
a square root, an exponential, and the error function. Functions of p or d type were
approximated by differences of Gaussian lobes displaced slightly from each other.
For high angular momentum basis functions this approach becomes intractable both
because of the large numbers of lobes involved and because of large differencing errors
in combining the integrals over the basic lobes.

The obvious alternative to contracted Gaussian lobes was contracted Cartesian
Gaussians. Basis sets involving these functions are now more or less standardized [5].
Formulas for integrals over p-type Gaussians were easily derived [2] and programmed.
Standard program packages such as POLYATOM [6] and GAUSSIAN 70 [6] have
been available for some time. Some versions of these packages have included 4 and
f orbitals. The formulas available for these integrals [2], while completely general,
do not allow systematic calculation of integrals for higher angular momentum.
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GAUSSIAN FUNCTION INTEGRALS 219

In this paper we present auxiliary functions and recursion relations from which
integrals for all values of n 4/ -+ m can be systematically (and efficiently)
computed.

2. CHARGE DISTRIBUTIONS
An unnormalized Gaussian function on center A will be given by
b, L, m, oy, A) = x,"y4'z4™ exp(—ayr ) 2.1)

where (x4, ¥4, 24) are the components of the vector r;, =r — A with norm r,.
The normalization constant for this function is

Npim(g) = Np(og) Ni(oey) Ny(oey) (2.2)
where
Ni(o) = QCafm) 4 4a)*2[(2k — D112, (2.3)

Such functions are referred to as s, p, d,... when L =n + 1 4+ mis 0, 1, 2,..., respec-
tively. Contracted basis functions can be formed from the #’s in various ways.
For example, it is usual to define

fnlmA = Z CL(O‘A) anm((xA) ¢(n’ la m, oy, A) (24)

x4

where CL(«,) is independent of n, [, m (for fixed L). Alternatively a more general

gima = Z CL(O‘A) Z Bﬁfn‘/’(’l, la m, oy, A) (2'5)
a4

nim

can be considered which allows true angular momentum eigenfunctions to be formed
(with the « dependent part of N, («), «?:+3/4 absorbed in CL(o,) and the o inde-
pendent factors absorbed into B:M).

Efficient computation of integrals requires that f,;.4 or gra4 Which involve the
same «’s and the same nucleus be treated as sets. For maximum efficiency these sets
should be large enough that calculation of the auxiliary functions common to a block
of integrals becomes insignificant. On the other hand, excessively large blocks of
integrals which result from treating all 15 L = 4 functions as one set should be
avoided.

For the sake of simplicity, the formulas in this paper will be given only for integrals
over ¢’s rather than f’s or g’s, in order to avoid writing explicitly the sums over a.
To this end it is convenient to define the charge distribution £2,, of two functions
bi(n, I, m, oy, A) and $,(7, 1, M, ap , B) as

Q= ¢1¢J = xAanﬁyAlyBIZAszm expl—(ar® -+ oprp?)]. (2.6)
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The key to the utility of Gaussians is the well-known identity which transforms s the
above exponential to a single exponential about a center P on the line segment 4B:

expl—(aars® + aprs®)] = Ejy exp(—oprs®) 2.7
where
P = (e A + o3B)/(xy + «p), (2.8)
oap = a4 T+ Ag, (2.9
and
Ep; = exp{—aop(as + ag) ™t [A — B[ (2.10)

Since molecular calculations usually require absolute rather than relative accuracy,
all integrals involving £2,,; can be neglected if the constant Ej; is sufficiently small.

The products x,"xz", y,'ys’, and z,mz,™ could be converted into polynomials in
Xp , Vp , and z, using relations like

X4 = xp -+ PA,, (2.11)
where
X4=Xx— A, (2.12)
Xp=x—P,, (2.13)
and
PA,=P,— A,. (2.14)

It is more convenient in what follows, however, to define
Ay(xp 5 ap) exp(—opxp?) = (8/0P;) exp(—apxp?), (2.15)
from which it follows that /1; is related to the Hermite polynomial H; by
Ay(xp 5 ap) = o *Hy(o} *xp). (2.16)

The utility of the A’s is obvious —they will allow the charge distribution to be written
as a sum of derivatives with respect to the coordinates of P and these derivatives
can be taken outside of any integral over electronic coordinates.
Now let us find the coefficients for expanding x,”x," in the A’s:
nt+i
xAanﬁ = Z d%ﬁAN(xp ; ap). 2.17)

N=0

The recursion relation for the Hermite polynomials is

fHN(f) = NHN—l(f) + %HN-*-I(f)' (2-18)

Consequently

XaAn(xp 5 ap) = NAy_, + ﬁxAN + A niqfop . (219
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The recursion relations on the dj” are then easily seen to be

dr — Qop)tdet, + PAAR + (N + 1) diiy, (2.20)
dn JAHL (fop)_l 1 + PB d + (N 4 1) dN+1 R (221)

where
d¥ = 1. 2.22

Similarly we can write

1+

yavs = Y eldyye; ap) (2.23)
L=0
and
_ m--if _
2425 = 2 fT/ImAM(ZP ; op) (2.29)
M=0
so that
QIJ == E[J Z ,’(,"eZL' %"'/IN(xp) AL(yp) AM(ZP) eXp(—Olprpz) (225)

NLM

It is often convenient to write £2, as
Q= Z Dk/lN,,(xP) ALk(J’P) AMk(ZP) exp(—apre?), (2.26)
k

where
D, = EIde',:elLka T (2.27)

This allows generalization to include spherical harmonic basis functions when D, is
replaced by
Di=Ey Y 3 BiBiiadiellfur. (2.28)

n,tom i, I, m

In these equations k indexes all (¥, L, M) combinations for which D is nonzero and
the charge distribution is specified by a list of the nonzero D, and the corresponding
(N , Ly , My). In practice the C%(c,) CE((xB) and normalization are also incorporated
into the D, .

Some integrals which must be evaluated involve derivatives of the basis functions.
Consequently, it is convenient to define the additional charge distributions

Gy = ¢,/ Véy, (2.29)
TI] == V(}SI * V¢J , (2.30)
and

Qi = (V) X (V). (2.31)
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The x component of Gy, is easily obtained from
d)ox ¢, 1, M, ap , B) = i — 1,1, 7, ap , B) — 205(ii + 1,1, 7, ap , B) (2.32)
so that

GH = ;gk‘“”)/lNkALk/le exp(—aprp?) (2.33)

with
g = Ey(Rdy[™ — 20pd) el f 3 (2.39)

The distribution 77, may be expanded in an analogous manner to give

T = XL: 4o A n A, Apy, eXp(—oprs?) (2.35)

with
="+ 6"+ ) Ey, (2.36)
1% = [nAdi " — 2napdy ™ — Qi dm T 4 doopd i Y el

7, (2.37)

and similar expressions for ¢;¥ and ¢;*. The z component of Q;; may be similarly
shown to be of the form

0 = ) 4P Ay, A1 A, exp(—oprs?), (2.38)

where

7 = f, MmEIJq (2.39)

The g2¥ obtained directly from 8¢,/0x 0d,/dy — O¢,/0y 8¢,/0x involve new ¢’s of
total powers of x, y, and z higher by two than the starting ones. These highest powers
cancel since

¢(n +1,5Lm, 0‘AaA) 95('_1, 1 + 1, m, ag, B) - ¢(l1, I+1,m,a,, A) ¢(ﬁ + 177’ m, o, B)
= (X4y8 — yaxp) $(n, I, m, oy, A) $(7i, 1, 7, g, B) (2.40)
= [ZE,,(#(” + 13 l, m, oy, A) - ZE&B¢(’19 { + 1’ m, cy, A)] ¢(ﬁ’ 7’ m’ &g, -B)-
Consequently,

g = l(n n-—l A 204,4(1"“ n) z, 1 1 znaBdn—-l neszIn

___l( dn a1 __ 20‘3d;\l/n+l)e—ll“’“ 2noc,4d" , i1 Z—;C-lf

+ da 5[ AB, AN el — AB A% R, (2.41)
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It is important to note that different sets of (¥, Ly , M) appear in (2.27), (2.28),
(2.33), (2.35), and (2.38). Also, larger values of N 4+ L 4 M appear in the derivatives
than in the charge distribution.

3. BASIC INTEGRALS

From the previous section it is clear that the one-electron integrals to be evaluated
all reduce to the form

INLM | 8] = [6@) An(xrr 3 ) A(31e 5 @p) Anzre 5 ap)
% exp(—aprip) dry . 3.1
Likewise the basic two-electron integrals all take the form
[NLM | 0| N'L'M] = [6(r,, 1) Anie s a8) Au(3ap 3 28) Anzar 5 4p)
X exp(—aprip) An(Xy0 5 ag) (2o s 20) Amr(220 5 2g)
X exp(—agrip) dry dry . (3.2
The one-electron integrals can be further classified as (a) those that can be done in

closed form and (b) those that require the same numerically approximated auxiliary
functions as the two-electron integrals.

A. One-Electron Integrals, Closed Form

The basic integral of this type is the one-dimensional integral
[ AnGre 5 @) exp(—axs?) = S o(rfe)t 2 (3.3)

(the d ¢ arises from the orthogonality of the Hermite polynomials). Thus the overlap
integral is simply

[NLM | 1] = 8500, 00r.0(mm/ap)3/2. 3.4
The relation
xcAn(xp 3 ap) = NAy_y + 3Ay/op + PCoAy (35
then gives
[NLM | xc] = (3.1 + PCadn.o) 81,08 1,o(m/cp)*/? (3.6)

with similar results for y, and z, . The second moments are just

[NLMI xcz] = [28N.2 + 2P—Cm8N.1 + (ﬁf + ’210‘1_71) SN.O] SL.OSM.O('”/“P)MZ (3-7)
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and
[NLM | xcyc] = (SN,I + P_CmSN,o)(‘SLJ + FC_yaL,o) 8M,0(7T/°‘P)3/2 (3.3)

with similar results for yc2%, zc% xczc, OF Yeze .

The kinetic energy and gradient matrix elements are given directly by the formula
for [NLM | 1]. Notice that only the ¢, (and g;) coefficients for (¥, , L, , M;) = (0,0, 0)
are required to evaluate the kinetic energy and gradient matrix elements.

B. Other One-Electron Integrals

The basic integral in this category is the nuclear attraction integral [NLM | rz*].
From the definition of the A’s, this may be written as

[NLM | rg'l = (8/eP,)" (8/0P,)" (8/6P,)™ [000 | rc']. (3.9)

The integral [000 | rz'] was shown by Boys to be given by

[000 | rg'] = (2u/ap) F(T), (3.10)
where
T = apCP?, (3.11)
and
F(D) = | " exp(—Tu?) du. (3.12)
0

If we define the auxiliary function Ry;,, by

Ry = (8]0P)N(0[0P,)Y(0| 0P ) F|(T) (3.13)
then
[NLM | rc') = (2m/ap) Ryra - (3.149)

The computation of Ry, will be described in a later section.

Matrix elements of the components of the electric field, such as xcrg® can be
evaluated in two ways which illustrate the tricks needed for more complicated
integrals. First

Xcrs® = orgYjacC,, (3.15)

where it should be noted that differentiation is with respect to the nuclear position.
Therefore

[NLM | ccré®) = (6/6C)[NLM | rg']. (3.16)

But since T depends on C, — P, ,

(8/9Cy) &(T) = —(8/0P) g(T) (ERY))



GAUSSIAN FUNCTION INTEGRALS 225

for any function g(T’). Hence,
[NLM | xcrc®] = —(2m/ap) RniyLm - (3.18)
Alternatively this integral can be evaluated by noting that
Xcred = —orgt/ox. 3.19)
Hence, by integration by parts,
[NLM | xcrg®} = [e(NLM)jox | r&'l. (3.20)
But, from the definition of A4y,

AN, L, M)jdx — —(N + 1, L, M),
SO
[NLM i xcrza] = —(27T/(Xp) RN+1,L,M . (3.21)

The components of the electric field gradient are similarly obtained using

(@eC,t — *leCH ret = 3(x* — y D re’, (3.22)
1Q28}eC,? — 8oC,2 — 8oC,Y) ret = 3zt — r D) rd, (3.23)

and
(0%/0C,2C,) ret = 3xcycre’. (3.24)

Notice these formulas are written so as to avoid problems with the delta function
which arises in V2rzl. Hence the electric field gradient integrals are given by

[NLM | 3(x02 - ycz) "55] = (ZW/(XP)(RN+2,L,M - RN,L+2.M): (3.25)
[NLM |(3ZC2 — rcz) TES] == (27T/Olp)(2RN,L’M+2 — RN+2,L,M — -RN,L+2,M)/3, (3.26)
[NLM | 3xcycre’]l = (2foap) Ryir.iiam - (3.27)

Matrix elements over the one-electron spin—orbit operator may be evaluated by
two different methods. If the space part of the basic spin—orbit operator is considered
to be rz’rc X V then the z component, for example, is rg®(x¢ 8/dy — yc 0/0x).
Matrix elements of this operator can be evaluated by combining the results given
above for the electric field with the g, expansion coefficients given previously for the
gradient. Alternatively integration by parts gives

<¢1 ¢J> [64’5—’%’ — %-6-"‘”—’[ 2. G

ox 0oy oy 0x
The spin—orbit integral then reduces to using the g, coefficients in summing [NLM | rgt
matrix elements.

"c xcn — JYc ax)
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C. Two-Electron Integrals
The simplest integral in this category is the electron repulsion
[NLM | rig' | N'L'M'] = (8/2P,)" (9/0P,)" (8/oP)™ (8/6Q.)"" (8/6Q,)"
(2/60)™ [000 | ry;' | 000]. (3.29)

Boys evaluated the basic integral as

[000 | ri5 | 000] = AF(T) (3.30)
where
A = 27205 et (op -+ ag) M2 (3.31)
and
T = apag(op -+ ag)™ PO (3.32)

Because T involves only the combination P — Q,

(0/0Q )N g(T) = (—28[oP,)" g(T) (3.33)
for any function g(7). Hence
[NLM | rit | N'L'M'] = M—DV M RN ror Mot (3.39)

Just as for the electric field and field gradient, integrals over x,ri5, X33 Visf1s» €tC.,
are easily evaluated. For example,

[NLM | %5115 | N'L'M’]

= —M—=DVM Rynvon e reas (3.35)
[NLM | 315 y1oris | N'L'M')

= A=DY*F M Rusns s asenes (3.36)
[NLM | 3(x3, — y%) ris| N'L'M’]

= M=D"*"M (Ryvso o msm — Rvew evsomsn), (337
[NLM |(3z%, — r&) ri| N'L'M’]

= /\(”I)N M (ZRN+N’,L+L'.M+M’+2

_RN+N’+2,L+L’.M+M’ - RN+N'.L+ L’+2,M+M’)/3- (3-38)

Integrals over these rj; operators appear in calculation of spin—spin interaction matrix
elements.
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The space part of the two-electron spin—orbit operator has the form rir;, X V.
The z component of this operator is then

_ 0 e
r123 (xm a—yl‘ — Y12 a—\,l“) -

Integration by parts yields a result similar to that obtained for the one-electron
integral,

(1) $:@1 732 (v — yia )| $:01) $2)

_ [5951 ¢y 9¢; ¢,
ox, N oy ox,

-1
Iy

$rde] - (3.39)

Consequently, this integral is given simply as a sum over [NLM | r;; | N'L'M’] using
coefficients g, for the IJ orbitals and D, for the KL orbitals. Alternatively, of course,
the integral could be written as a sum over integrals like [NLM | xoria | N'L'M']
with g, coefficients for the IJ orbitals.

4. AUXILIARY FUNCTIONS

The function Ry;,, is defined as
1
Ry = (6/2a)" (2[2b)= ()ocy™ |~ ™ du @4.1)
1]
where
T = ofa® + b2 + c?). 4.2

By direct chain-rule differentiation an explicit formula for R can be found:

[N/2] [L/2] [M/2]
RNLM — aN—znbL—zch—zm
n=0 I=0 m=0
N1 L! M!
X TV — 20! @D — 2D Cm) 1T (M = 2m)! ENsttmn—tm -

For generating a table of all Ry, ,; up to some maximum N -~ L 4 M, as is needed
in doing blocks of integrals, recursion relations are more useful. These can be found
from introduction of the more general integral:

1
Riviagy = (- N+EEM (20 [ upV+ERMEti L (o /2qu) H (o) Hyu(ad o) e T du,
0

Let us first note that
Roooj = (“Za)j FJ'(T)a (4-4)
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where

(1) = | "2 exp(—Tu) du. (4.5)

0

From the recursion relations for the Hermite polynomials, it follows that

Ry0.m41.5 = CRyon01 + MRy 0,001,541 » 4.6)
Ro.L+1.M.i = bRO.L.M.;i+1 -+ LRo.L-l,M.i+1 s (47)
Ryyipms = Ry pomj1 + NRyq v - 4.8)

Thus the desired Ry, (given as Ry;a40) can be generated from a table of F(T) for all j
between 0 and the maximum N + L -+ M.

B. F,

Shavitt [2] has given several formulas useful for evaluating Fi(T). Rapid and
accurate evaluation of this function for a wide range of j and T requires some care,
however. Our best program at present evaluates F;(T) by different formulas depending

on T.
For0 < T < 12and 0 < j < J, F,(T) s first evaluated using the seven term Taylor

expansion

FAT) =Y. Fyu TH(T* — TYHA! @.9)

k=0

where F,;(T*) has been pretabulated for T* atintervals of 0.1. With | 7% — T'| << 0.05
this formula has a relative accuracy of 1012 for all J <{ 16. The downward recursion

relation
F(T) = [2TF;,((T) + exp(—D))/(%j + 1) (4.10)

can then be used to obtain all F,(T).
For the range 12 < 7 << 30 we note that

F(T) = yatljT12 — f ® exp(—Tus) du. @.11)
1

If the integral [7 exp(—Tu?) du is now expressed as exp(—T) g/T, then F(T) can be
found with a relative accuracy of 10~ from the modified asymptotic series for g:
12 <T <15

g = 0.4999489092 — 0.2473631686 T!
+0.321180909 7% — 0.3811559346 T-3; 4.12)

15 <T <18
g = 0.4998436875 — 0.24249438 T~ 4 0.24642845 T2, (4.13)
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B<T <24
g = 0.499093162 — 0.2152832 T1; 4.14)

24 < T <30
g = 0.490. 4.15)

Upward recursion, which is unstable for small T or large j, can be used to obtain F{T)
with a relative accuracy of 102 forj < 16 and T > 12.

For T > 30, F(T) = }='/2|T'/? combined with upward recursion is accurate to
14 significant figures. Finally, for T > 2J -I- 36 the exact upward recursion

Fin(T) = CT) (% + D) F(T) — exp(—T)] (4.16)

can be replaced by
Fio(T) = QT)(2j + 1) FAT) @4.17)
without loss of accuracy.
The series for g was derived from the definition
g= Te—TJm du exp(—Tu%
1

by the change of variable v == 2T(x¥ — 1) which gives

2 = j: dv exp[—v(l + w)]

with « = (4T)~. Since decreasing accuracy in g is required as 7 increases, a Taylor’s
series expansion of g,

g =2 () 0"g/B0" |qe (@ — ¥,

was found with a* corresponding to the smallest T in the interval. Truncation and
rearrangement of this series gave 4.12 — 4.15. As is well known in the special case
o* = 0, this is really an asymptotic series for g; but, for | « — o* | sufficiently small,
the truncated series gives g to the accuracy required for finding F(T") quite precisely.

5. CoMPUTATIONAL CONSIDERATIONS

The tractability of the two-electron integral formulas hinges upon doing all integrals
involving four sets of basis functions concurrently, as all require the same R table. If
the sets are large enough (say all four are p’s) then the calculation of R requires only
a small fraction of the total time. It then becomes important to perform the loops
over basis functions and sums over contraction terms efficiently.

581/26/2-8
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Table I shows one such scheme. A significant advantage is gained by forming the
intermediate array I which allows the actual integral to be formed outside the sums
over ac and op . It is noteworthy that with only obvious minor modifications this
scheme may be employed to calculate spin—spin and spin—orbit two-electron integrals.

TABLE 1

Scheme for the Computation of All Two-Electron Repulsion Integrals over [f;4], [fizz), [ficel,
and [finp]®

Sum over oy, ag
Zero I
Sum over a¢, ap
Compute AF,(T)
Compute AR,
Loop over g, A
Sum over (N’, L', M");»
Loop over (N, L, M),

Ik, g, h) = Ik, 8, h)

(= DN AL AM DI R N NS L+ L sMAMs

Loop over g, h

Loop over i, j

Sum over k

XG,j, 8 h) = X(,j, 8 h) + Dillk, g, b)

@ F;14 denotes the ith member of set I on center A.

A program has been written employing the scheme in Table I for the repulsion
integrals. Explicit formulas for the elements of I were added for certain s and p
integrals. The computation time for a STO-3G set on hydrogen peroxide is 38.5 sec
on a CDC 6400. Dupuis et al. [7] performing the same calculation on a CDC 6400,
obtained times of 8.4 sec for GAUSSIAN 70; 39.9 sec for HONDO, a program of
their own; and, 132.7 sec for PHANTOM 75, the most recent version of POLYATOM.
Upon adding two sets of d functions to the STO-3G set we obtained a computation
time of about 124.3 sec, somewhat less than HONDOQ’s 152.2 sec and considerably
less than PHANTOM’s 775.6 sec.

It is obvious from these running times that GAUSSIAN 70 is clearly superior for
integrals over s and p functions. There are three reasons for this superiority:
(1) GAUSSIAN 70’s integrals are accurate to only eight figures owing to a less accurate
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but faster calculation of F,,(T); (2) a coordinate transformation is employed to maxi-
mize the local symmetry of the integral over primitive Gaussians, a distinct advantage
for highly contracted basis sets [8]; and (3) s and p basis functions are combined into
one set. GAUSSIAN 70 and HONDO, like our program, compute all integrals
over four sets of basis functions (or “shells” in the terminology of Dupuis, Rys,
and King) concurrently. Judging from the running times this structure has a clear
advantage over the one-integral-at-a-time method of PHANTOM 75. Our method
and the quadrature scheme employed by HONDO seem to be roughly equivalent,
at least for s’s and p’s.
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